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Merging stochastic flows is a central operation in dis-
crete time queueing networks. Furmans’ renewal-

and computational effort when evaluating alternative system
configurations [1].

Accordingly, discrete time queueing models have been
applied to a broad range of intralogistics systems, includ-
ing transport and milk-run systems, multi-server resources,
conveyor systems, order picking, and automated storage and
retrieval systems [2, 3, 4, 5, 6].

However, the analysis becomes substantially more chal-
lenging when multiple flows merge, as illustrated in Fig-
ure 1. In discrete time, this requires the superposition of
point processes while preserving their temporal character-
istics, since the resulting merged arrival process directly de-
termines the behavior of downstream queues.

For example, an automated storage and retrieval system
can be represented in a discrete-time queueing network by
two arrival streams, one for storage requests and one for
retrieval requests, which are served by a common storage
and retrieval machine. Depending on the upstream control
and release processes, these streams may be temporally syn-
chronized rather than independent. Furmans’ [7] merge ap-
proximation represents the input streams by their marginal
inter-arrival time distributions and approximates their super-
position as a renewal process. If the streams are synchro-
nized, however, their relative arrival positions are restricted
and are not fully described by the marginal distributions
alone. As a result, the renewal approximation may assign
probability to merged inter-arrival times that cannot occur
in the actual system.

However, while these limitations are identified qualita-
tively, the conditions under which the renewal approxima-
tion provides sufficient accuracy are not quantified. This pa-
per addresses this gap by systematically investigating the
validity range of the renewal approximation and extending
Furmans’ formulation by removing inadmissible probability
values and subsequently renormalizing the resulting distri-
bution in cases where the original approximation becomes

based merge provides an efficient a nalytical approxi-
mation, but can become inaccurate when the temporal 
structure of the input streams restricts the attainable 
arrival configurations a nd t he m erged p rocess there-
fore deviates from a renewal process. This paper intro-
duces the SAFE (Senger–Altmann–Furmans Extension) 
merge, an analytical extension for zero relative tempo-
ral offset that removes inadmissible forward recurrence 
time values before applying the original merge proce-
dure. The method is evaluated against simulation and 
a numerical merge using the Wasserstein distance. The 
results show that SAFE remains close to the simulation 
benchmark for cases in which Furmans’ approximation 
becomes inaccurate, while the numerical approach may 
require up to 108 samples to reach comparable accuracy.

[Keywords: discrete time, queueing theory, stochastic 
merge, open queueing networks, point process]

1 Introduction

Real-world systems rarely consist of a single sequential 
chain. Jobs may follow different processing paths and merge 
at shared resources, making open queueing networks a nat-
ural representation of such systems.

Discrete time queueing models are particularly suitable 
for material flow systems because they can directly incor-
porate empirical inter-arrival and service time distributions 
without assuming a specific distributional form. They also 
enable the computation of complete performance-measure 
distributions and corresponding quantiles, which are es-
sential for service-level evaluation. Compared with simula-
tion, analytical queueing models can reduce both modeling

© 2026 Logistics Journal: Proceedings – ISSN 2192-9084
Article is protected by German copyright law

Page 1



DOI: 10.2195/lj_Proc_senger_en_202610_01

inaccurate. The proposed extension is formulated for zero
relative temporal offset between the input processes, i.e.,
without an additional phase shift between the streams.

i

i′

h

This paper investigates this limitation for input streams
with zero relative temporal offset. In particular, it exam-
ines cases in which only a restricted set of relative arrival
positions can occur, while the renewal approximation as-
signs probability to additional configurations. Based on this
analysis, an extension of Furmans’ merge method is devel-
oped that removes impossible configurations and renormal-
izes the resulting distribution.

3 Method

This section presents the methods used to analyze the
stochastic merge. First, the problem setting and the limi-
tation of the renewal-based merge are introduced. Subse-
quently, Furmans’ analytical merge and the proposed SAFE
- Senger Altmann Furmans Extension are described, fol-
lowed by the numerical merge and the discrete time sim-
ulation used as a benchmark.

3.1 Problem setting

A merge node combines two or more incoming discrete time
streams into a single output stream that becomes the input to
a downstream queueing element (see Figure 1). Let (Xi(t))
denote the number of arrivals from stream i in time step
t. An example of two incoming streams is shown in Fig-
ure 2(a). The inter-arrival time describes the time between
two consecutive arrivals, whereas the forward recurrence
time describes the time from an observation point to the next
arrival. The merge of arrivals in the process is given by

XM (t) =
m∑︂
i=1

Xi(t).

Conceptually, the merge is obtained by superimposing
the arrival epochs of all incoming streams on a common
time axis, as illustrated in Figure 2(b). The inter-arrival
times of the merged stream are then determined from the
ordered arrival epochs. If several arrivals occur in the same
time step, they are retained as simultaneous arrivals, result-
ing in an inter-arrival time of zero between them.

In a decomposed queueing network, however, the in-
coming streams are typically not known through their com-
plete arrival sequences. Instead, they are represented by
their marginal inter-departure time distributions. Furmans
[7] therefore approximates the merged stream as a renewal
process based on the forward recurrence times of the indi-
vidual input streams.

3.2 Analytical renewal-based merge

Following [7], Furmans’ merge proceeds in three steps:

Figure 1: Merging of the flows from i to h and i ′ to h

2 Literature

The methodological basis is provided by Bruneel’s treat-
ment of general discrete time queueing systems [8]. Build-
ing on this foundation, Grassmann and Jain develop a nu-
merical method for determining the waiting-time and idle-
time distributions of an arithmetic G/G/1 queue, i.e., a 
single-server queue with generally distributed independent 
inter-arrival times and generally distributed service times on 
a discrete time grid [9]. Jain and Grassmann analyze the 
corresponding departure process, which is particularly rele-
vant for decomposed flow-network models because the out-
put of one queueing element often serves as the input of a 
downstream element [10]. Furmans and Zillus determine the 
distribution of the number of customers in a discrete time 
G/G/1 queue at arrival points, thereby supporting the mod-
eling of independent buffer elements [11].

This work was later extended by Furmans [7], who in-
troduced a discrete time framework for modeling material-
handling systems as networks of interconnected stochastic 
elements, including queueing, split, and merge nodes. For 
the superposition of independent input streams, Furmans 
approximates the merged point process as a renewal pro-
cess. The approximation is based on the forward recurrence 
times of the incoming renewal processes, with the next ar-
rival determined by their minimum. Furmans also notes 
that this approximation can become inaccurate when depen-
dencies between incoming streams are ignored, particularly 
when the streams originate from a deterministic split and 
the intermediate sojourn times exhibit little variability.

Furmans’ analytical merge approximates the superposi-
tion of incoming streams as a renewal process based on their 
marginal inter-arrival time distributions. Although Furmans 
identifies dependencies between the incoming streams as a 
potential source of error, the conditions under which these 
dependencies cause the approximation to become inaccu-
rate are not quantified.
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(a) Input streams
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(c) Support of the merged inter-arrival distribution

Actual

Furmans

0 1 2 3 4
TM

unattainable values

Figure 2: Illustration of the merge of two deterministic
input streams with inter-arrival times of d1 = 4 and d2 = 6
time units. (a) Input streams with the inter-arrival time, a
random observation point, and the corresponding forward
recurrence time. (b) Superposition of both streams and
resulting merged inter-arrival times TM . (c) Support of the
actual merged inter-arrival time distribution compared
with Furmans’ renewal approximation, which assigns
additional probability mass to the unattainable values 1
and 3.

1. the forward recurrence time distribution αi→h is de-
rived from each marginal inter-arrival distribution pi
(described in 3.2.1),

2. the forward recurrence time of the merged stream
is obtained as the distribution of the minimum over
all component recurrence times (described in 3.2.2),
and

3. the inter-arrival distribution of the merged stream is
reconstructed (described in 3.2.3).

3.2.1 Forward Recurrence Time of the Input Streams

The forward recurrence time distribution of stream i is ob-
tained from its marginal inter-arrival distribution as

αi,j =
1

E[Ai]

(︄
1−

j∑︂
k=0

pi(k)

)︄
, (1)

Hence, the forward recurrence time distribution is a sta-
tionary marginal description of the residual time of the cor-
responding renewal process. For example, for a determinis-
tic inter-arrival time Ai = n, Eq. (1) yields

αi,j =
1

n
, j = 0, . . . , n− 1. (2)

Thus, all n possible residual positions within the determin-
istic renewal interval receive equal probability.

For an individual renewal process, this stationary for-
ward recurrence time distribution provides a valid marginal
description. When several streams are merged, however,
dependencies between their forward recurrence times may
arise due to their relative temporal alignment. Since no in-
formation on the offsets between the individual streams
is available, we assume these offsets to be uniformly dis-
tributed. If the streams have a fixed temporal relation, not
every combination of their marginal forward recurrence
times can occur at the same observation time.

Consider two deterministic streams with inter-arrival
times of 4 and 6 time units and zero relative temporal offset.
Their arrival epochs are

0, 4, 8, 12, . . . (3)

and
0, 6, 12, 18, . . . . (4)

According to Eq. (1), the marginal forward recurrence time
distributions assign equal probability to {0, 1, 2, 3} for the
first stream and {0, 1, 2, 3, 4, 5} for the second stream.
These marginal distributions are individually correct. How-
ever, because both streams are observed at the same point
in time, their forward recurrence times cannot take arbitrary
combinations.

For example, at observation time t = 2, the forward re-
currence times are 2 and 4 time units. In contrast, a com-
bination such as (0, 1) cannot occur for these two streams
with zero relative temporal offset. Furmans’ renewal-based
merge does not preserve this temporal relation when com-
bining the marginal forward recurrence time distributions
and may therefore assign probability to configurations that
are not attainable in the actual merged process.

As illustrated in Figure 2(c), this results in additional
support values in the merged inter-arrival time distribution.
For the example above, the actual merged process contains
the inter-arrival times 0, 2, and 4, whereas the renewal ap-
proximation also assigns probability to the unattainable val-
ues 1 and 3.

3.2.2 Forward Recurrence Time of the Merged Stream

For two incoming streams, the time to the next arrival of the
merged stream is the minimum of the two forward recur-

where αi,j denotes the probability of a forward recurrence 
time of j discrete time units, and pi(k) = Pr(Ai = k) de-
notes the probability that the inter-arrival time Ai of stream 
i equals k discrete time units.
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rence times. Assuming independent input streams, we ob-
tain:

αh,j = α1,j

(︄
1−

j∑︂
k=0

α2,k

)︄

+ α2,j

(︄
1−

j∑︂
k=0

α1,k

)︄
+ α1,jα2,j .

(5)

3.2.3 Inter-Arrival Time Distribution of the Merged Stream

To reconstruct the inter-arrival time distribution, the mean
inter-arrival time of the merged stream is first obtained from
the superposed arrival rate:

λh = λ1 + λ2 =
1

E[A1]
+

1

E[A2]
, (6)

and therefore
E[Ah] =

1

λh
. (7)

Using the inverse relation of Eq. (1), the inter-arrival
probabilities of the merged stream are then reconstructed
as

ph(j) = E[Ah] (αh,j−1 − αh,j) , j = 1, . . . , jmax − 1,
(8)

with
ph(jmax) = E[Ah]αh,jmax−1, (9)

and

ph(0) = 1−
jmax∑︂
j=1

ph(j). (10)

a discrete arrival grid, however, not every combination of
forward recurrence times can occur at the same observa-
tion time. Assuming that both processes start at the same
time, the SAFE merge therefore removes inadmissible com-
binations, normalizes the remaining probability mass, and
subsequently applies the minimum operation of the original
Furmans merge.

Throughout this work, all input streams are assumed to
have zero relative temporal offset, i.e., they share a common
reference arrival at time t = 0.

3.3.1 Admissible Forward Recurrence Times

Consider two input streams A1 and A2, with sets of possible
inter-arrival times given by

A1 = a1,1, a1,2, . . . , a1,n1
(11)

and
A2 = a2,1, a2,2, . . . , a2,n2 . (12)

For each stream, the GCD of its possible inter-arrival times
is determined as

g1 = gcd(a1,1, a1,2, . . . , a1,n1
) (13)

and
g2 = gcd(a2,1, a2,2, . . . , a2,n2). (14)

The GCD of both streams is then obtained by

g = gcd(g1, g2). (15)

Thus, g defines a common temporal grid for the possible
inter-arrival times of both input streams.

For example, consider two deterministic input streams
with inter-arrival times 4 and 6. Their GCD are

g1 = 4, g2 = 6, (16)

and therefore
gcd(g1, g2) = 2. (17)

3.3.2 Observation-Time-Conditioned Forward Recurrence Time
Distributions

Since g defines the common arrival-grid spacing of the two
input streams, the SAFE extension restricts the support of
the forward recurrence time distributions to grid positions
that are integer multiples of g. Thus, only support points j
satisfying

j ≡ 0 (mod g) (18)

are retained.

Let αi,j denote the probability mass assigned to sup-
port point j of the forward recurrence time distribution of
stream i, obtained from Furmans’ original formulation (see

For more than two incoming streams, the procedure is 
applied iteratively. After merging two streams, the resulting 
inter-arrival time distribution is used as an input distribution 
for the merge with the next stream until all m streams have 
been combined.

3.3 SAFE Merge

The SAFE merge extends Furmans’ renewal-based merge 
for input streams whose inter-arrival times are restricted to 
a discrete time grid with zero relative temporal offset. Fur-
man’s original approach combines the marginal forward re-
currence time distributions of the individual input streams 
independently. Since no information about the relative off-
sets between the streams is available, these offsets cannot 
be modeled directly. To address this lack of information, 
Furman’s approach follows the principle of insufficient rea-
son (Laplace’s principle) [12] and considers the forward 
recurrence times from a uniformly distributed observation 
point, such that no particular observation point is favored 
over another. For streams whose arrivals are restricted to
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Section 3.2.1). For a given observation time t, all probabil-
ity values that do not satisfy Eq. (18) are removed. The re-
maining probability mass is subsequently normalized. The
resulting distribution is

α
(t)
i,j =

αi,j 1{j mod g=0}∑︂
k≥0

k mod g=0

αi,k

. (19)

Here, the indicator function is defined as

1{j mod g=0} =

{︃
1, if j mod g = 0,

0, otherwise.
(20)

The indicator function removes forward recurrence times
that cannot occur, while the denominator normalizes the re-
maining probabilities such that∑︂

j≥0

α
(t)
i,j = 1. (21)

From this point onward, the original Furmans’ proce-
dure is applied as described in Sections 3.2.2 and 3.2.3:
the conditioned forward recurrence time distributions are
merged using the minimum operation, and the resulting
merged forward recurrence time distribution is transformed
back into the inter-arrival time distribution.

3.4 Numerical Merge

The numerical merge generates the incoming renewal
streams explicitly over a finite number of arrival events H
and combines them according to their arrival times. Each
stream is initialized at time t = 0 and subsequent inter-
arrival times are sampled from its corresponding marginal
distribution.

At each step, the stream with the earliest next arrival
is selected and advanced by a newly sampled inter-arrival
time. The next arrival of the merged stream is then given
by the earliest arrival among all streams. The difference
between two consecutive merged arrival times defines the
merged inter-arrival time,

AM,k = Tk+1 − Tk. (22)

If two streams arrive at the same time, the corresponding
merged inter-arrival time is zero.

After generating H merged inter-arrival times, the
merged distribution is estimated from their relative frequen-
cies,

p̂M (a) =
1

H

H∑︂
k=1

1{AM,k=a}. (23)

3.5 Simulation benchmark

A discrete time simulation is used as the benchmark be-
cause it preserves the event history and the job-level de-
pendence between streams. The simulation operates in fixed
time steps. In each time step, external arrivals are generated
according to the specified arrival process, jobs enter the cor-
responding queue if capacity is available, service times are
sampled from the assigned discrete service time distribu-
tions, and completed jobs are routed to downstream nodes.
For the merge experiments, the simulation records the ar-
rival epochs of all incoming streams at the merge node. The
merged event sequence is then constructed by superposing
these recorded arrival epochs. If multiple streams arrive in
the same time step, the resulting merged sequence includes
zero inter-arrival times for the additional simultaneous ar-
rivals. The empirical merged inter-arrival time distribution
is calculated as

p̂simM (a) =
1

n

n∑︂
ℓ=1

1{Asim
M,ℓ = a},

where Asim
M,ℓ denotes the ℓ-th observed merged inter-arrival

time and n is the number of observations remaining after
removal of the warm-up period, which is determined using
the MSER-5 method [13].

4 Results

All experiments consider the merge of exactly
two input streams. Each input stream is as-
signed a squared coefficient of variation from
c2 ∈ {0, 0.25, 0.5, 1, 1.5, 2, 2.5, 3, 4, 5, 10}, resulting
in ten unique combinations of c2 values. For each combina-
tion, both input streams share the same gcd, which is varied
over gcd ∈ {1, 2, 3, 4, 5, 10}. The resulting inter-arrival
time distributions are evaluated using the Wasserstein
distance to a discrete time simulation benchmark. The
simulation length was selected based on the convergence of
the inter-arrival time distribution. To assess convergence,
the Wasserstein distance is evaluated after every additional
100,000 samples by comparing the current inter-arrival
time distribution with that obtained at the preceding
evaluation. The simulation length is considered sufficient
once the relative width of the 95% confidence interval
of the Wasserstein distance falls below 1%, indicating
that the uncertainty in the estimated distance has become
sufficiently small. The choice of the merging approach
depends on the available information about the temporal
alignment of the arrival streams. If the temporal offset
between the streams is known, their relative alignment can
be explicitly accounted for and the SAFE merge is applied.
In particular, an offset of zero corresponds to synchronized
streams. If no information about the temporal offset is
available, the original Furmans’ merging approach is used,
implicitly assuming a uniformly distributed relative offset
between the streams.

The numerical method therefore preserves the temporal po-
sitions of the generated renewal streams during the merge, 
while the individual streams are sampled independently 
from their marginal inter-arrival time distributions.
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4.1 Accuracy of the Merge Methods

The first experiment evaluates how the structure of the in-
put distributions affects the accuracy of the different merge
methods. In particular, the analysis focuses on the GCD. For
gcd = 1, no restriction on the discrete time grid is present,
whereas g > 1 restricts the possible inter-arrival times and
therefore the possible forward recurrence times. Figure 3
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4.2 Convergence of the Numerical Merge

The numerical merge can reproduce the merged inter-arrival
time distribution without relying on the renewal approxima-
tion. Its accuracy, however, depends on the number of gen-
erated samples H . Figure 4 shows the convergence of the
numerical merge toward the analytical reference for three
different merge configurations. In all three cases, the ana-
lytical model provides the exact distribution. However, the
number of samples required to accurately reproduce this
distribution differs substantially between the configurations.
The configurations differ in the magnitude of the small-
est non-zero probabilities occurring in the underlying dis-
tributions. For configurations (a), (b), and (c), the smallest
probabilities are approximately 0.5, 0.01, and 10−5, respec-
tively. As these probabilities decrease, increasingly large
sample sizes are required to observe the corresponding low-
probability events sufficiently often and to accurately repro-
duce their contribution to the overall distribution. Conse-
quently, configurations containing rare events exhibit con-
siderably slower convergence. While some configurations
reach a Wasserstein distance close to zero at approximately
107 samples, configurations involving very small probabil-
ities may require up to 108 samples. The numerical merge
is therefore able to obtain accurate results for all consid-
ered configurations, but the required sampling horizon can
become very large, particularly when the underlying distri-
butions contain low-probability events. This results in a sub-
stantial computational effort and limits the suitability of the
numerical merge for repeated evaluations in larger queue-
ing networks. In contrast, the analytical computation can be
performed efficiently without requiring extensive sampling.
The SAFE merge similarly provides an analytical approxi-
mation and therefore avoids the potentially very large sam-
pling horizons H required by the numerical approach.
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Figure 4: Convergence of the numerical merge toward the
exact Furmans reference, measured by the Wasserstein
distance for increasing sampling horizons H across three
merge configurations.

Figure 3: Wasserstein distance to the simulation 
benchmark for (a) the SAFE merge, (b) Furmans’ original 
renewal-based merge [7], and (c) the numerical merge, 
evaluated for different GCDs and c2 values of the input 
inter-arrival time distributions.

compares the Wasserstein distance of the inter-arrival time 
distributions obtained with the simulation described in 3.5 
and the three merge methods across different values of the 
GCD. The SAFE method and the numerical merge remain 
close to the simulation across all considered configurations, 
with Wasserstein distances close to zero. In contrast, Fur-
mans’ original merge shows larger deviations, which gener-
ally increase as the GCD increases. The variability of these 
deviations also becomes more pronounced for larger GCD 
values. Furmans’ approximation therefore provides accurate 
results when the input streams do not exhibit the grid re-
strictions addressed by SAFE. Its error increases for con-
figurations with g cd >  1 , where t he i ndependent forward 
recurrence time representation includes values that are not 
compatible with the temporal structure of the input streams.

The SAFE merge removes these impossible values 
and therefore substantially reduces the resulting error. The 
numerical merge also reproduces the simulation results 
closely, since the inter-arrival sequences are generated ex-
plicitly over time.

Analytical outliers can arise from sampling variability in 
the simulation rather than from inaccuracies in the analyti-
cal solution. Since the simulation is based on a finite number 
of samples, deviations from the theoretical distribution are 
unavoidable.
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5 Conclusion

This paper investigates the limitations of Furmans’ renewal-
based merge for discrete time stochastic flow networks and 
proposes the SAFE merge as an analytical extension. The 
results show that Furmans’ approximation becomes increas-
ingly inaccurate when the input streams are restricted to a 
common discrete arrival grid with a GCD greater than one. 
By removing inadmissible forward recurrence time values 
and renormalizing the remaining probability mass, SAFE 
substantially reduces this error and remains close to the sim-
ulation benchmark across the investigated configurations.

The numerical merge also provides accurate results, but 
its convergence can require very large sampling horizons, 
particularly when low-probability events are present. In the 
investigated cases, up to approximately 108 samples were 
required to closely reproduce the reference distribution. 
SAFE therefore provides a computationally efficient ana-
lytical alternative for cases in which Furmans’ original ap-
proximation is insufficient.

From a material handling perspective, SAFE extends the 
range of flow configurations that can be  represented accu-
rately within Furmans’ discrete-time modeling framework. 
This is particularly relevant for automated storage and re-
trieval systems, where storage and retrieval requests form 
two input streams to a common storage and retrieval ma-
chine. If these streams are temporally synchronized, their 
relative arrival positions are restricted and may not be cap-
tured correctly by an independent renewal-based merge. For 
zero relative temporal offset, SAFE provides a more accu-
rate representation of the merged arrival process and there-
fore improves the analytical evaluation of the downstream 
queueing system.

The current formulation assumes zero relative tempo-
ral offset between the input streams. Extending the method 
to non-zero offsets remains a topic for future work, partic-
ularly for material handling systems in which storage and 
retrieval streams are not synchronized.
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